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Abstract 

The self-duality of Dirichlet 3-brane action under the SL{2, R) duality transformation of 
type IIB superstring theory is shown in the Hamiltonian form of the path integral for the 
partition function by performing the direct integration with respect to the boundary gauge 
field. Through the integration in the phase space the canonical momentum conjugate to 
the boundary gauge field can be effectively replaced by the dual gauge field. 
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Recent developments in the type II superstring theory have shown that p-brane so- 
lutions and strong-weak coupling dualities play an important role in extracting the non- 
perturbative properties of the theory jl], [3J. The supersymmetric p-brane solitonic 
solutions H |J carrying R-R charges are described by open strings with Dirichlet bound- 
ary conditions in the transverse directions and Neumann boundary conditions in the p+1 
world- volume directions [[5], EL 171, H]. Through the investigations of the D-p-brane by the 
conformal field theory approach the soliton dynamics has been elucidated R [TO, O, O, 



13| . The action of the D-p-brane for < p < 3 has been constructed to have a kinetic 
term of the Dirac-Born-Infeld (DBI) type || showing the coupling to the NS-NS back- 
ground fields and a Wess-Zumino term indicating the coupling to the R-R background 



fields as well as the NS-NS 2-form gauge field 0, |T|, f§ [I7|, 0, [0|. The modified 
gauge-invariant field strength provided by both the boundary gauge field and the NS-NS 
2-form gauge field exists in the two terms. The boundary gauge field is the open-string 
boundary condensate of the electromagnetic field. From the integration over the bound- 
ary gauge field for the D-string and .D-2-brane actions the fundamental string action with 



tension given by Schwarz's formula j20[ and the bosonic part of the eleven-dimensional 
supermembrane action |H[ have been derived respectively, by the Lagrangian formulation 
introducing the auxiliary fields [|HJ or by the canonical Hamiltonian approach The 



D-string case provides support for the predictions of SL(2, Z) duality of the type IIB the- 
ory. From a different point of view through the introduction of the Lagrange multiplier 
field to make the semiclassical duality transformation for the boundary gauge field these 
two actions have been reproduced and further in the D-3-brane case the transformed 
action has turned out to be the original form in terms of the dualized boundary gauge 
and background fields WJ\- It indicates that the D-3-brane action is invariant under the 



SL(2,R) duality transformations of the background fields of type IIB theory combined 
with world-volume vector duality in the four dimensions. This duality invariance has been 
found in a similar way as the four-dimensional non-linear electrodynamics |22| . 



Here we will explore the D-3-brane in the canonical Hamiltonian approach. Without 
resort to the Lagrange multiplier field we will try to integrate the canonical boundary 
gauge field directly in the path integral of the Hamiltonian form. The obtained effective 
action will get back to the original one in terms of dualized fields. We wil see how the 
dual variable for the boundary gauge field appears in this direct integration. 

We start to write the D-3-brane action of type IIB theory 



Sd = J d 4 x[e-^-det(G a/3 + F aP ) 



1 1 

_|_ a/3yS^ -C a p 7 s + ZCapF^s + C 'FapFys)], (1) 
o o 

which is the source term of the D-3-brane when combined with the type IIB effective 
action. This closed-string effective action was presented under some restriction on the 
R-R 4-form gauge field |23|, and was shown to be invariant under the SL(2, R) duality 
transformation of the type IIB theory |T|, 0, EIJ |S3L ^H]. The kinetic term is described 
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by a dilaton 0, a metric tensor G^ v and an antisymmetric tensor B^J in the NS sector. 



The embedding metric is given by G a p = d a X^dpX u G lJL y{a 1 (5 = 0, . . . , 3) where X M 
is the coordinates of the ten-dimensional target space of type IIB theory. From the 
boundary gauge field A a to be mixed with the closed-string antisymmetric 2-form gauge 
field the modified gauge-invariant field strength is defined as T a p 



F aP - B { }} with 



F a p = d a Ap - d p A a , B^l = d a X^X"B^J. The fields such as C, C a p = B {2 >, C a ^ 6 are 
also the induced background R-R fields of type IIB theory. For simplicity we consider the 
case where the spacetime metric is Minkowskian. The DBI Lagrangian is expressed as 



a/3 



- det (G aj3 + T t 



a/3) 



1 



E 2 + B 2 



where E^i = 1, 2, 3) stands for jF 0i and £>j for \eijkFjk- 
to the world-volume gauge fields A a are given by 

E+(B-E)B 

7T = 0, 7T = 4 

eWD 

\tijkCjk and \J~D denotes the expression ([ 
H = Pi Ei - e^VB + (diA + B$)n 



(B ■ E)\ (2) 
The canonical momenta conjugate 



C + CB, 



(3) 



where d 



We pass to the Hamiltonian 



(Coi23 + CoiBi 



where 



Pi 



7T,; — Ci — CBi 



(4) 



(5) 



In the non-linear equation with (|2|), (0) we will derive a solution for E. First by using 
(0) and (|5]) we get a relation 



E 



1 + B- 



Q, 



where 




/ 1 + B\ + B 2 —B\B 2 

-B 2 B l l + B 2 + B\ 
\ —B 3 Bi — B 3 B 2 



—BiB 3 
— B 2 B 3 
1 + B 2 + B\ 




(6) 



(7) 



The next step is to substitute the relation into (0), which yields consistently 

[l + B 2 f/ 2 



with M 
E = - 



D 

e^VM 

[1 + B 2 fe- 2<tl + Q 2 + {B- Qf. Combining 



and 



we obtain a solution 

1 + B Z )/MQ. Owing to the solution the combination piE{ — e~^\fT) in (U) 



turns out to be -^(1 + B 2 )[e _2</, (1 + B 2 ) + Q-p]/\/M. As M can be shown to be equal 
to (1 + # 2 )[e~ 2 *(i + B 2 ) + Q-p], we have 



H 



e -2*(x + B' z ) + Q p + (d t A + B^)m - {C Ql23 + C^O- 



(9) 
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Now we are ready to write the partition function by using the Hamiltonian form of 
the path integral as 

3 3 

Z = f fl[dn] II [dA a ] exp[* f tfxfaAt - H(A, tt))] 

= j [d(n, A)} exp[* J d 4 x{dmA + it t (d A l - B$) + Vn + C 0123 + C 0i ^}], (10) 

where the integration over tt is canceled by the gauge group volume and N — (1 + 
B 2 )(e~ 2<t> + p 2 ) — (p ■ B) 2 . The integration over A brings a 5-function 5(8^) down to 
the path integral, which allows us to write Hi = e^djD k with a vector field -Dj. In the 
integration over Ai the magnetic fields Bf defined by B® = eijkdjAk are not independent 
fields because of diBf = 0. We make change of integration variables from Ai to Bf and 
treat the magnetic fields B® as the independent variables but with a constraint diB® = 0, 
whose (^-function is expressed by introducing an auxiliary field D as 

J\S(diB°(x)) = J [dD ] exp(-i J d 4 xD diB°). (11) 
Then the partition function is described by 

Z = [ f[ [dD a ] f[[dB°] exp[* / d 4 x{VN - Bi(D 0i - C 0i ) + \ e ^\\c a p l5 - 2D a pB$)}} 

J a=0 i=l J 6 6 

(12) 

with D a/3 = d a Dp — dpD a . Through a shift the integration over B® becomes that over Bi. 

Here we make the integration over Bi by using the saddle point approximation. It is 
noted that 

N = (1 + B 2 )e~ 2 * + (p - CB) 2 + (p x B) 2 , (13) 

where pi = ^€ijk(Dj k — Cj k ). The variation with respect to Bi yields the saddle point 
equation 



/ a + p 2 2 + pI -P1P2 -PiPs 

-p 2 p\ A + p\ + p\ ~p2p3 

V -p3pi -Pm k + pi + pi 

where A = e~ 2 ^ + C 2 , doi = D 0i — Cm- We use the inversion of the matrix 

^2 




/ VNd 01 + Cp l \ 

VNd 02 + Cp 2 
V VNd 03 + Cp 3 J 



(14) 



to have 



-, , A+pf pip 2 pm 

a(aT^) p2pl A + Pl /? 3 2 1 (lr,) 



* = A (A + p2) [^{ Ad + (P ' + ( A + P 2 )^] ( 16 ) 
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with di = d 0i . Substituting this non-linear relation back into flT3|) to observe the cancel- 
lation of the \fN term, we can determine N consistently as 

N = e-»(A + p»)' (17) 

A(A + p 2 ) 2 -A 2 d 2 -(p-d) 2 (2A + p 2 )-A(pxd) 2 ' v ; 

In this self-consistent way we find the explicit solution ( |TE[ ) accompanied with (|T7]) for 
the non-linear saddle point equation. Plunging the complicated solution into the action 
in ( TT2|) , we have 

f d 4 x A(A + p 2 )-Ad 2 -(p.d) 2 
J [ A(A + p 2 ) V 

+ ^(^-25^-^1?^)], (18) 

where V a p = D a p — C a p. Further A" can be so rewritten as 

AT. e^(A + Pr (19) 

A(A + p 2 ) - Ad 2 -{p-d) 2 K ' 



that for the kinetic part we derive a compact expression e~^y — det(y/~Kr} a p + V a p)/A, 
which is just of the DBI type. This result producing the Lorentz invariant expression can 
be generalized to the general metric G a p as 



3 

J f[[dD a ]exp[t J d 4 x{e-^-det(G af3 + V af3 ) 

a=0 



+ \e aPl5 {\c a p^ + 2C ol pV l5 + CV a pV^)}], (20) 



where V a p = D a p - B^j and 



B a/3 — C a p, C a p — —B^p, 



c -i - ^ - 1 c- C - Ce " (21) 

A e-^ + e^C 2 ' A e~* + e^C 2 ' 1 ' 

G a p = VAG a p = e^/ 2 G a p. 

The obtained relations in (21) show the basic inversion A — > — 1/A in the SL(2, R) duality 
transformation , which is specified by p — 0, q — 1, r = — 1, s — for 

9ap~^9ap, A -»• (p\ + q)/(r\ + s), 
B^^sB^-rC a p, C a p^pC a p-qB^ (22) 
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with g a p = e~^/ 2 G a p, A = C + ie~^. Although and D are separately induced, the final 
result shows that they are combined into a four-dimensional dual vector. This dualized 
action was presented in the Lagrangian formulation for the duality transformation by 
adding the Lagrange multiplier term \h. a p{T a p — 2d a Ap + B^l) to the D-3-brane action 
to symplify the integration over the boundary gauge field and further integrating over 
T a fi in a special Lorentz frame where T a p is block-diagonal with eigenvalues /i,/2 by 
means of the saddle point approximation for j\ , fa Jl7j . In our Hamiltonian approach 



without choosing such a special Lorentz frame we have performed the J-y integration 
in the arbitrary Lorentz frame to derive the dualized action. Together with the simple 
invariance under the shift of C we have given the alternative way to show the D-3-brane 
action is invariant under the full SL(2, R) duality transformation. 

Here we return to the path integral ([ll]) in the phase space. Alternatively if the 
integration with respect to the canonical momentum 7Tj is evaluated also by the saddle 
point value, which is in the similar way given by 

77 = ~YVb 2{e + {B ' E)B) + C + CB ( 23 ) 

with 

e -**(l + B 2 ) 2 

l-E 2 + B 2 -(B-E) 2 ' 1 } 

then we go back to the starting classical D-3-brane action itself ([!]) as expected. It is ob- 
served that these expressions ( p3f) , (p4j) show similar behaviors to (|16|), (|19|) , respectively. 

In the Hamiltonian approach to the D-3-brane we have seen that the constraint d^i = 
provided from the A integration brings about the dual variable Di as 7Tj = eijkdjDk, 
while for the D-string and D-2-brane cases each canonical momentum is described by 
7r = qi and Hi = ^ijdjV where qi is a charge of the dyonic string solution in type IIB 
theory and the scalar function y becomes an additional target space coordinate in the 
eleven-dimensional target space of the fundamental 2-brane |16[]. In transforming the 
variables from A, to Fij an extra dual variable D Q has appeared, which is a conspicuous 
behavior in the Z)-3-brane case in contrast to the D-string and D-2-brane cases. Moreover 
when integrating with respect to the magnetic field we have met the non-linear saddle 
point equation, which is compared with the linear ones in the D-string and D-2-brane 
cases. In our Hamiltonian approach the canonical momentum ir a has been replaced by 
the dual variable D a and this change of variable has been generated as a result of the 
integration over A a . 

In conclusion, starting from the D-3-brane action we have constructed the Hamiltonian 
by solving the non-linear equation in order to obtain the electric field of the boundary 
gauge field and integrated over the magnetic field by solving the non-linear saddle point 
equation in the path integral of the Hamiltonian form to derive the effective action, 
that is just the dualized action in terms of the dual gauge field and the basic SL(2,R) 
transformed background fields of the type IIB theory. The essential ingredient in this 
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Hamiltonian approach is to look for the explicit solutions of these two non-linear equations. 
They have been solved analogously in a self-consistent manner. Although the derived 
solutions are highly involved, the resulting effective action is put in the compact form. 
In the transformation of the integration variables from the three space-components of 
the boundary gauge field to the magnetic fields we need a new field, which turns into a 
time-component of the dual gauge field and plays an important role to obtain the Lorentz- 
invariant expression of the dualized action. Our demonstration of the self-duality of the 
.D-3-brane action is a direct approach in the sense that the extraneous structure as the 
Lagrange multiplier field does not need to be introduced from the starting point. We 
hope that our prescription sheds insight into the structure of duality transformation from 
the Hamiltonian point of view in the phase space of the theory. 
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